The Standard Model and its Generalisations in Epstein-Glaser Approach to Renormalisation Theory by Grigore, D R
The Standard Model and its Generalisations
in Epstein-Glaser Approach to Renormalisation Theory
D. R. Grigore
1
Dept. of Theor. Phys., Inst. Atomic Phys.




We continue our study of non-Abelian gauge theories in the framework of Epstein-Glaser
approach to renormalisation theory. We consider the case when massive spin-one Bosons
are present into the theory and we modify appropriately the analysis of the origin of
gauge invariance performed in a preceding paper in the case of null-mass spin-one Bosons.
Then we are able to extend a result of Dutsch and Scharf concerning the uniqueness of
the standard model consistent with renormalisation theory. In fact we consider the most
general case i.e. the consistent interaction of r spin-one Bosons and we do not impose
any restriction on the gauge group and the mass spectrum of the theory. We show that,
beside the natural emergence of a group structure (like in the massless case) we obtain, new
conditions of group-theoretical nature, namely the existence of a certain representation of
the gauge group associated to the Higgs elds. Some other mass relations connecting the
structure constants of the gauge group and the masses of the Bosons emerge naturally.




In a preceding paper [14] we have extended a result of Aste and Scharf [1] concerning the
uniqueness of the non-Abelian gauge theory describing the consistent interaction of r null-
mass Bosons of spin 1. We have showed that the gauge invariance principle is a natural
consequence of the description of spin-one particles in a factor Hilbert space: gauge invariance
expresses the possibility of factorising the S-matrix to the physical space, which is usually
constructed using the existence of a supercharge Q according to the cohomological-type formula:
H
phys
= Ker(Q)=Im(Q): The obstructions to such a factorisation process are the well-known
anomalies. The main problem in this approach was the fact that this factorisation can be
implemented only in the adiabatic limit so one has to solve simultaneously the ultra-violet
and the infra-red problems. If the spin-one Bosons are massless, then one cannot solve this
combined problem. The case when the spin-one Bosons of non-null mass are admitted in the
game was studied by Aste, Dutsch and Scharf [10], [3] for the concrete case of the electroweak
interaction i.e. when the gauge group is exactly SU(2)  U(1). In this paper we analyse the
same problem considering that the spin-one Bosons can have non-null masses and we do not
impose any restriction on their number and masses; also we do not take into account here
matter elds. We will show that in this case the existence of theory cured of all problems is
available.
The structure of the paper is the following one. In the next Section we generalise the
description of non-null mass spin-one Bosons on similar lines as in [14]. A modication of
the supercharge will naturally emerge. As in [10] and [3], the appearance of the Higgs elds
is natural. In Section 3 we construct the rst-order S-matrix following closely the lines of
the computations from [14] to which we will frequently refer. We will also be able to give a
generic form for the second-order S-matrix. Next we impose gauge invariance for the second-
order of the perturbation theory and obtain, as expected, that the structure is rather tight
i.e. there are severe restrictions on the various coecients of the various Wick monomials
entering into the interaction Lagrangian. Moreover we naturally obtain that some of these
coecients can be organised into a representation of dimension r of the gauge group, which is
nothing else but the representation T of the Higgs elds. In particular, some very complicated
computations from [10] leading to the cancelation of possible anomalies are nothing else but
the representation property of T . Some interesting mass relations connecting the structure
constants, the representation T and the masses of the Bosons naturally emerge. We investigate
afterwards the existence of the adiabatic limit and, nally, test the generic formalism on the
standard model of electroweak interactions. In this way the results of [3] are reobtained. In
the last Section we list some future problems which have to be solved.
We mention other papers also treating the quantisation of heavy Bosons of spin one in the
Epstein-Glaser approach: [4], [5], [15]-[17], [18] and [19].
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2 Spin-One Relativistic Free Particles
with Positive Mass
2.1 General Description
As in [14], we take the one-particle space of the problem H to be the Hilbert space of an unitary
irreducible representation of the Poincare group. We give below the relevant formul for
particles of mass m > 0 and spin one.

















; (in fact only classes of functions identical up to null-measure sets are consid-
ered). The conventions are the following: k  k is the Minkowski norm dened by kpk
2
 p  p
and p  q is the Minkowski bilinear form:




  p  q: (2.1.1)
If p 2 R
3
we dene (p) 2 X
+
m

















) with the scalar product























is the usual scalar product from C
4
. In this Hilbert space we have
the following (non-unitary) representation of the Poincare group:
(U
a;









) (p)  (I
s
 p): (2.1.3)
We dene on H the operator g by
(g  )(p)  g  (p) (2.1.4)
and the following non-degenerate sesquilinear form:
(;  )    < ; g   >; (2.1.5)
here g 2 L
"
is the Minkowski matrix with diagonal elements 1; 1; 1; 1 and the operator g
is appearing in (2.1.4) also called a Krein operator. Explicitly:























the indices ;  take the values 0; 1; 2; 3 and the summation convention over the dummy indices













 ) = (;  ): (2.1.7)
Now we have immediately:
2
Lemma 2.1 Let us consider the following subspace of H:
H
m




(p) = 0g: (2.1.8)
Then the sesquilinear form (; )j
H
m
is strictly positively dened.
As a consequence we have:
Proposition 2.2 The representation (2.1.7) of the Poincare group leaves invariant the sub-
space H
m
and the restriction of this representation to this subspace (also denoted by U) is
equivalent to the unitary irreducible representation H
[m;1]
of the Poincare group (describing
particles of mass m > 0 and spin 1 [21].)
By denition, the couple (H
m
; U) is called a spin-one Boson of mass m.
We turn now to the second quantisation procedure applied to such an elementary system.

































































































; : : : ; k
n
); 8P 2 P
n
: (2.1.12)
In H the expression of the scalar product is:

























































); 8g 2 P; (2.1.14)
here U
g
is given by (2.1.3).
Let us dene the following Krein operator








where the operator g appears in (2.1.4). Then we can dene the following non-degenerate
sesquilinear form on H:























































(We also denote kk
2
= (;).) Then the sesquilinear form (; ) behaves naturally with













) = (	;): (2.1.18)
Now one has from lemma 2.1:
















; n  1 is generated by elements of the form 
1































; : : : ; k
n
) = 0g: (2.1.20)
Moreover, the sesquilinear form (; )j
H
0
is strictly positively dened.
Finally we have:






Now we can dene the corresponding eld as an operator on the Hilbert space H in complete
analogy to the electromagnetic eld; we dene for every p 2 X
+
m









































































Then one a list of properties which are formally identical with the corresponding one from








































(p)	;) = (	; A

(p)); 8	; 2 H (2.1.25)
which shows that A
y

(p) is the adjoint of A

(p) with respect to the sesquilinear form (; ).




















































where the expressions appearing in the right hand side are the positive (negative) frequency












































































































































































The properties of the eld operators A

(x) are contained in the following elementary propo-
sition:
Proposition 2.5 The following relations are true:
(A

(x)	;) = (	; A






















































is the Pauli-Jordan distribution and D
()
m




























(x) = 0: (2.1.39)
















Indeed, one has the following result:
Proposition 2.6 The following equality is true
H
0






Let us note that we have:
[L(x); L
y




(g)] = 0; 8f; g 2 S(R
4
): (2.1.42)





by self-adjoint operators on the Hilbert space H. If O is such an operator on H
0
then
it induces naturally an operator (also denoted by O) on H which leaves invariant the subspace
H
0
. This type of observables on H are called gauge invariant observables.
Now we have as in [14] Lemma 3.6:




= 0; 8x 2 R
4
: (2.1.43)
The same result is true if one replaces in (2.1.43) the commutator with the anticommutator.
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In the end of this subsection we construct some typical gauge invariant observables. The
verication of the condition from the preceding lemma is trivial. The rst one is the so-called












The second one can be constructed one the lines of the propositions 3.8 and 3.9 from [14].






























for r > 1 on the Hilbert space H, but it will be impossible to restrict such an expression to F
m
even if one considers it in the adiabatic limit.
The description of possible interactions between the spin-one eld and matter follows the
same ideas. Let us consider that the (Fock) space of the \matter" elds is denoted by H
matter
.








: It is easy to see that, if we dene,
~




















In the Hilbert space
~
H we can dene as usual the expressions for the spin-one eld and
all properties listed previously stay true. In particular, there are no interactions of the type














(x) are some Wick polynomials in the \matter" elds called currents. Then conserva-
tion of the current it is a sucient and necessary condition such that the expression (2.1.47)
induces, in the adiabatic limit, a well dened expression on the Hilbert space H
total
.















) = 0: (2.1.49)
This condition (perturbatively interpreted) is equivalent to the possibility of restricting the






2.2 Quantisation with Ghost Fields
In this subsection we give an alternative description of the Fock space F
m
using the ghosts
elds following rather closely the arguments from [14]. However, in the case of positive mass
particles it seems that it is not sucient to introduce the Fermionic ghosts and one has also to
introduce a Bosonic ghost.






















; C ; d
+
m
) with the natural scalar products. In this spaces act the usual uni-





























where one can identify H
nwls





















































(K;P ;Q;R)j  1
(2.2.2)
(here K  (k
1
; : : : ; k
n
); P  (p
1
; : : : ; p
w
); Q  (q
1
; : : : ; q
l
) and R  (r
1






















































; Q 2 P
w
; R 2 P
l
; T 2 P
s
: (2.2.3)











; : : : ; k
n



















































(K;P ; t; q
1






















(K;P ;Q; t; r
1
; : : : ; r
s
); (2.2.7)
similar expressions can be written for the creation operators. They verify usual canonical






































































are called Fermionic (resp. Bosonic) ghost elds.
They verify the wave equations:
( +m
2
)u(x) = 0; (+m
2
)~u(x) = 0; ( +m
2
)(x) = 0 (2.2.11)
and we have usual canonical (anti)commutation relations:
fu(x); ~u(y)g = D
m
(x  y)1; [(x);(y)] = D
m
(x  y)1 (2.2.12)






























called supercharge. Its properties are summarised in the following proposition which can be
proved by elementary computations:



































b(k); fQ; b(k)g = 0;




(k) + ima(k); [Q; a(k)] = imb(k); (2.2.16)



















; 8g 2 P: (2.2.20)

















(The succession of the preceding formul suggests the most convenient way to derive
them; for instance, from (2.2.16) and (2.2.15) one derives that fQ;Qg = 0 and get (2.2.18)). In
particular (2.2.18) justify the terminology of supercharge and (2.2.19) indicates that it might




We can give the explicit expression of the supercharge in this representation; starting from





























; K;P ; q
1
; : : : ; q^
i




















































; : : : ; q^
i




















; P ;Q; r
1
; : : : ; r^
i
; : : : ; r
s
) (2.2.22)




Now we introduce on H
gh
a Krein operator according to:
(J)
(nwls)








The properties of this operator are contained in the following proposition:



















; 8g 2 P: (2.2.27)
Here O

is the adjoint of the operator O with respect to the scalar product < ;  > on H
gh
.
We dene, as usual, a sesquilinear form on H
gh
according to
(	;) < 	; J >; (2.2.28)
then this form is non-degenerated. It is convenient to denote the conjugate of the arbitrary





	;) = (	; O): (2.2.29)
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) = (	;): (2.2.32)
As in [14], we give a description of the factor space Ker(Q)=Im(Q). We will construct a
\homotopy" for the supercharge Q.














































































[Y;Q] = 0; [Y;
~
Q] = 0: (2.2.37)
The operator
~
Q it is called the homotopy of Q. The operator Y is not invertible, but as in
[14] we have:
Proposition 2.11 The operator Y j
H
nwls
is invertible i w + l + s > 0.
Proof: An alternative expression for the operator X dened by (2.2.35) is:
X = A
 1 (2.2.38)
where the operator A acts only on the Bosonic variables and is given by the expression
A = d (P ); (2.2.39)
11
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n























We immediately obtain that P is a projector i.e. P
2
= P and we have, as in the case of
massless Bosons of spin 1, the direct sum decomposition of the one-particle Bosonic subspace
into the direct sum of Ran(P ) and Ran(1   P ). Let us consider a basis in the one-particle
Bosonic subspace formed by a basis f
i
; i 2 N of Ran(P ) and a basis g
i
; i 2 N of Ran(1 P ).
A basis in the n
th










_    _ g
j
t
; r; t 2 N ; r + t = n:
Applying the operator A to such a vector gives the same vector multiplied by r. So, in the
basis chosen above, the operator A is diagonal with diagonal elements from N . It follows that
the operator Y j
H
nwls
can also be exhibited into a diagonal form with diagonal elements of the
form w+ l+ s+ r; r 2 N . It is obvious that for w+ l+ s > 0 this is an invertible operator. 
Accordingly, we have the following corollary:












. Then the oper-













and the the fundamental result




where the subspace H
0
has been dened in the previous subsection (see the lemmas 2.3)
Proof: (i) As in [14] one can prove that if  2 Ker(Q) then we have the decomposition







= 0; w + l + s > 0: (2.2.45)
The condition Q = 0 amounts now to Q
~













; : : : ; k
n
; ;; ;; ;) = 0; 8n 2 N (2.2.46)
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is an element from H
0
(see lemma 2.3).
It remains to see in what conditions such
~
 is an element from Im(Q) i.e. we have
~
 = Q.
It is clear that only the components 
(n100)
should be taken non-null. Then the expression of













(K; r; ;; ;) = 0: (2.2.47)
Because the mass m of the Boson is non-null, we get  = 0 )
~
 = 0 and we obtain the
assertion from the statement. 
We nally get as in [14]:
Theorem 2.14 The isomorphism (2.2.43) extends to a Hilbert space isomorphism:
Ker(Q)=Im(Q) ' F
m
and the factorised representation of the Poincare group coincides with the representation acting
into the space H
0
:
We close with an important observation. One can easily see that one can take the limit
m & 0 in the expressions for the various Hilbert spaces and quantum elds and also on the
expression of the supercharge Q. (The expression
~
Q does not have the limit in the obvious way,
but this is not very important, because this expression had played only an auxiliary ro^le). In













is the Hilbert space generated by the elds A

(x); u(x); ~u(x) and H

is generated




















i.e. we can see that the states from H

decouple completely and can be considered physical.
Moreover, one can see that, in this case, nothing prevents us to consider that the scalar \ghost"
has a non-zero mass. This observation is essential for the construction of the standard model,
because a scalar \ghost" eld corresponding to a null mass Boson, if considered a physical eld
of non-zero mass is nothing else but the Higgs eld [3].
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2.3 Gauge-Invariant Observables
As in [14], we denote by W the linear space of all Wick monomials on the Fock space H
gh
i.e.
containing the elds A

(x); u(x); ~u(x) and (x). If M is such a Wick monomial, we dene by
gh







i.e. we conserve the same expression as in the massless case. The BRST operator also has the
same expression: it is given by
d
Q
M : QM :  ( 1)
gh(M)
:MQ : (2.3.2)
on monomials M and extend it by linearity to the whole W.






























N); 8M;N 2 W: (2.3.5)





induces a well dened operator [O] on the factor space Ker(Q)=Im(Q) ' F
m






Not all operators verifying the condition (2.3.6) are interesting. In fact, the operators of
the type d
Q
O are inducing a null operator on the factor space; explicitly, we have:
[d
Q
O] = 0: (2.3.7)
Moreover, in this case the following formula is true for the matrix elements of the factorized
operator [O]:
([	]; [O][]) = (	; O): (2.3.8)
If the interaction Lagrangian is a Wick monomial T
1
2 W with gh(T
1
) 6= 0 then the S-matrix
is trivial.
One can also see that interaction Lagrangians of the type (2.1.45) do not factorise to the
\physical" space Ker(Q)=Im(Q). To analysis of the possible interactions between the Bosonic
spin-one eld and \matter" follows the usual lines (see [14]). Let H
matter
be the corresponding


















by the obvious substitution Q! Q
 1.
Now we have as in the massless case:




the interaction Lagrangian of the form (2.1.47) where the
current j

(x) is a Wick monomial in the matter and ghost elds. The this expression factorises,
in the adiabatic limit, to the physical space H
total
and gives a non-null S-matrix if and only if
it does not depend on the ghost elds and it is conserved.
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3 Massive Yang-Mills Fields
3.1 The General Setting
As in [14], we rst dene in an unambiguous way what we mean by Yang-Mills elds. The
main modication is that now all the elds will carry an additional index a = 1; : : : ; r and this
can be realised with an appropriate modication of the Hilbert spaces (auxiliary or physical).






























































































































As in [14], this amounts to consider that the one-particle subspace is a direct sum of r copies
of elementary heavy Bosons of masses m
a
; a = 1; : : : ; r and spin 1.
















(x) = 0; a = 1; : : : ; r: (3.1.5)




























(x  y) 1; (3.1.6)















































and veries all the expected properties.
The Krein operator has an expression similar to (2.2.23) and can be used to construct a


























As a consequence, proposition 2.13, and the main theorem 2.14 stay true.
15
The ghost degree is dened in an obvious way and the expression of the BRST operator
(2.3.2) is the same in this more general framework and the corresponding properties are easy



































; 8a = 1; : : : ; r:
(3.1.9)
Finally, the characterisation of the is done in the same way as before.
We close this Section with a general remark. If we take into account the last observation
from the preceding Subsection, it appears that we can also make in the formalism presented
above some of the masses null. In this case the corresponding scalar ghosts can be considered
as physical elds and they will be called Higgs elds. Moreover, we do not have to assume that
they are massless i.e. if some Boson eld A

a
has zero mass m
a
= 0, we can suppose that the
corresponding Higgs eld 
a














; a = 1; : : : ; r in the auxiliary Hilbert space H
gh;r
Y M
imposing the usual axioms of causality,
unitarity and relativistic invariance. Moreover, we want that the result factorizes to the physical


































= 0; 8n  1: (3.1.10)
If this condition if fullled, then the chronological and the antichronological products do
factorize to the physical Hilbert space and they give a perturbation theory verifying causality,
unitarity and relativistic invariance.
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3.2 The Derivation of the Yang-Mills Lagrangian;
First-Order Gauge Invariance
In this subsection we completely exploit the condition of gauge invariance in the rst order
of perturbation theory obtaining the generic form of the Yang-Mills interaction of spin-one
Bosons. We assume the summation convention of the dummy indices a; b; : : : :















a Lorentz-invariant Wick polynomial in A

; u; ~u and  verifying also
!(T
1
)  4. If T
1
(g) induces an well dened non-trivial S-matrix, in the adiabatic limit, then it















































































































(x) : : (3.2.6)
Here the various constants from the preceding expression are constrained by the following
conditions:

















= 0; i m
c
= 0; 8a; b = 1; : : : ; r; (3.2.8)
- the expressions f
0
abc
























= 0; 8a; b = 1; : : : ; r (3.2.10)

















; 8a; b; c = 1; : : : ; r; (3.2.11)
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- the expressions f
"
abc








































6= 0; a; b = 1; : : : ; r; (3.2.12)















= 0; 8a; b = 1; : : : ; r; (3.2.14)
- the constants h
0
ab


















6= 0; 8a = 1; : : : ; r: (3.2.15)
(We note that it is implicit in relations like (3.2.8), (3.2.10), etc. that the summation conven-
tion over the dummy indices does not apply).
Proof: (i) We follow closely the line of argument of theorem 4.1 from [14]. If we take into
account Lorentz invariance, the power counting condition from the statement and the restriction
of non-triviality gh(T
1
) = 0 the list of linearly independent Wick monomials from [14] (formula
4.2.4 from Subsection 4.2) is enlarged by the following new possibilities containing, of course,
the scalar ghosts:































































































































































Without losing generality we can impose the following symmetry restrictions on the con-



































and one can suppose that the expressions g
(7)
abcd
are completely symmetric in all indices.
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(ii) By integration over x some of the linear independence is lost in the adiabatic limit.
Namely, all the conclusions from [14] stay true and we have moreover:
 One can eliminate T
(5)"




 One can choose the constants f
(7)
abc












 One can eliminate T
(21)




(iii) Some of the remaining expressions are of the form d
Q


































so we can give up the expressions T
(11)








































so we can eliminate the expression T
(4)"







 If the constants g
abc













































































so we can give up the term T
(16)







(iv) As a conclusion, we can keep in T
1

























with the appropriate symmetry properties.





















































































































































































































































































form zero-mass Bosons and without scalar ghosts, the next terms having various origins: the
modication of the BRST transformation (3.1.9), the modication of the equation of motion











considered in the expression of
T
1









































































= 0; i = 5; 6; 7: (3.2.27)




























































































































where by    we mean the expression obtained if all the masses are zero and there are no
scalar ghosts (see (4.2.7) from [14]). The divergence gives no contribution in (3.2.23) and the
other terms can be computed on vectors from H
0
. In this way we see that we get independent









































































; 8a; b; c = 1; : : : ; r: (3.2.32)
We exploit completely the system of equations (3.2.25), (3.2.29) - (3.2.32). It is obvious



















. If we take the symmetric (resp. antisymmetric) part in a and b of the relation




















); 8a; b; c = 1; : : : ; r (3.2.33)
and respectively the consistency relation (3.2.11). One substitutes this result into the equations












; 8a; b; c = 1; : : : ; r: (3.2.34)
Next, from (3.2.32) for m
c
= 0 we get the consistency relation (3.2.10) and for m
c
6= 0 we
obtain the expression (3.2.12).
Finally, from (3.2.26) we immediately get the consistency relation (3.2.14) and the explicit






are substituted into the generic expres-
sion for T
1
we get the formula from the statement.
(vi) It remains to prove that the expression from the statement cannot be of the type d
Q
O
and this can be easily done. 
Remark 3.2 It is a remarkable fact that we get in a natural way mass relations of the type
(3.2.8). This relations is non-trivial i there are simultaneously massive and massless Bosons
in the model. In this case, we can reformulate this relation as follows: if f
abc
6= 0 and m
c
= 0




. In particular this is the cause of the equality of the masses
of the two heavy W Bosons in the standard model.
The relation (3.2.11) can be completely exploited:






































Here the constants g
abc















Proof: The rst relation can be obtained if we multiply (3.2.11) by m
c
and perform two
cyclic permutations. Combining the three relations in a convenient way one gets (3.2.35). The






























































































Proposition 3.5 The expression T
1





















The proof is very simple and relies on the relations (3.1.8). To study the causality axiom in
the rst order of the perturbation theory, one has to investigate some causal distributions and
some relations between them. We have



























































































































(x) + (+!  ): (3.2.43)

















































Proposition 3.7 The expression T
1











One must determine the commutator appearing in the lefthand side. The computations
are similar with the one from [14] and we do not give them here. We only mention that the
commutator involves the distributions listed in (3.2.43) which have causal support.
We can give now a generic form for the distribution T
2





(y)] according to the prescription of Epstein and Glaser and include the most general
nite arbitrariness of the decomposition taking into account general considerations explained
in [14]. First we note that we have:
Proposition 3.8 The distributions listed in (3.2.43) admit a causal splitting which preserves
Lorentz covariance. Moreover, the splitting can be chosen such that it will preserve the properties























































So we can provide now the generic expression of the distribution T
2
. The expression is
extremely long, but we provide it because it provides the easiest way to compute explicit eect
in a concrete theory, like the standard model. (For this, one had to include, of course, the lepton








































the corresponding Feynman propagators and observe that they verify equations of the same
type as those from the preceding proposition. We have by long and tedious computations:
Proposition 3.9 The generic form of the distribution T
2

















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































and a nite renormalisation of the type (x   y)L(x): The nite normalisation L(x) must be
Lorentz invariant and of power less or equal to 4 i.e. a sum of terms of the type (3.2.16) -
(3.2.18).
25
3.3 Second Order Gauge Invariance
We do not have the guarantee that the generic expression of T
2
(x; y) from the preceding propo-
sition leads to a well-dened operator on the factor space H
r
Y M
; as in [14], one can show that
this can happen if and only if some severe restrictions are placed on the constants appear-
ing in the expression of the interaction Lagrangian. In [3] it is proved that, in the standard
model, one can choose conveniently the nite normalisation L(x) such that gauge invariance
is valid in the second order of perturbation theory (this in turn guarantees that the factorisa-
tion of the S-matrix is possible in this order). We detail below this result in a more general
context, when the details of the standard model are not plug into the computations i.e. we
do not take specic expressions for the constants f
abc
. As in [14] we observe that the generic
expression for the second-order S-matrix obtained in the preceding proposition corresponds
to a \canonical" causal splitting of the commutator D
2
(x; y); namely, one one splits causally
































(x; y) and A
0
2
(x; y) which will be called the canonical causal splitting. This splitting
leads to the expression T
0
2
(x; y) + T
h
2
(x; y) from the preceding proposition. Now we have:
Theorem 3.10 The expression T
2
appearing in the preceding proposition leads, in the adiabatic
limit, to an well dened operator on H
r
Y M
if and only if:
(a) The constants f
abc














in particular, there exists a compact Lie group G with f
abc
as structure constants; moreover G




U(1)  U(1) with H
1
; : : :H
k
compact simple Lie groups.






















in other words, if we dene the r  r (antisymmetric) matrices T
a








; 8a; b; c = 1; : : : ; r; (3.3.3)




(c) The constants f
"
abc




























































so they can be non-null only in the Abelian sector (see (a) above).































(y)]  (x$ y) (3.3.8)



















If we split causally the right hand side of the formula (3.3.8) preserving Lorentz covariance



















(x; y) we must compute
the commutators in the (3.3.8), next perform the derivatives and nally extract the canonical
causal splitting. Of course, in this way we do not get the most general expression for these









(x; y) i.e. of the form (x  y)N(x).




























Imposing this condition on the expression determined in the way outlined above will lead
to the conditions (a)-(e) from the statement.
(ii) By straightforward computation we obtain the following expression for the rst com-























































































The anomalies can be produced only by those terms in K

of the type : @

A   B : and this
simplies considerably the computations. We obtain in this way only the last two terms from
27


























































































































































































































(y) : : (3.3.13)









(y)]: The splitting can be done
without aecting the total divergence structure in all terms in (3.3.11), except the last two
ones. (It is important that the causal splitting can be done in such a way that we have the
relations from proposition 3.8). As in [14], the dierence appears in the last two contributions.

























(x; y)  L
ret
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where L(x) is a nite normalisation and the expression A(x) is obtained from A(x; y) by col-
lapsing y ! x.











































































































































































































One has to compute the expression d
Q
L(x) taking into account the generic form for L(x)
described in the preceding Subsection. One takes into account (3.2.16) - (3.2.18) and the
corresponding expressions from [14]; to avoid confusions we will append a tilde sign to all
coecients in these expressions. We equate with zero the coecients of the linearly independent
(integrated) Wick monomials; we have the following cases:








































































: and we get, like in [14], that the constants f
abc
verify Jacobi identity (3.3.1) so




























































































































= 0 and the conclusion (b) from the statement follows easily.


















































































: we obtain the


































































































are symmetric in d and e and also in b and a. So, if we take the antisymmetric
part in d and e of the relation (3.3.20) we get the relation (3.3.2) from the statement and from








































equation (3.3.21) and we obtain an identity if we take into account that the constants f
0
abc
verify the equations (3.2.11) and (3.3.2).
If we substitute now (3.3.26) into the equation (3.3.23) we obtain easily the two condition

















+ cyclic perm a; d; e): (3.3.27)

































) = 0: (3.3.28)
For m
a


























We have obtained all the relations from the statement and it is clear that we have used
completely the equation (3.3.18). 
Remark 3.11 The representation T
a
exhibited in the statement of the theorem is nothing else
but the representation of the gauge group G into which the Higgs elds live.
Remark 3.12 Much of the eort from the Appendix of [3] is nothing else but the painful
verication that the standard model fulls the conditions (3.2.11) and (3.3.2) and that all other
equations are identically veried. The advantage of our approach consists in exhibiting very
clearly where the computational diculties are hidden.
To verify the condition (3.3.2) in specic models it is convenient to detail this relation. We
have by an elementary analysis





























































































































































































both equal to 0, both non-null or only one of them is equal to 0 and obtains respectively (3.3.33),





Now we have as in [14] Corollary 4.8:









verify the conditions from
the statements of theorems 3.1 and 3.10. Then, the general expression for the chronological
product T
2




(x; y) = T
0
2
(x; y) + T
h
2




















































































and a nite renormalisation of the type i(x y)N(x): Here the expressions T
0
2




have been dened previously (see the formul (3.2.46)+(3.2.47)) and the Wick monomial N(x)
is an nite normalisation of the type (3.2.2). In particular, the theory is renormalisable up to
order two. The condition of unitarity can be satised if and only if N(x)
y
= N(x)
We only note that the expression of the nite normalisation follow from the expressions










Remark 3.15 It was noticed in [6] that the expression T
11
from theorem 3.1 and the rst
nite normalisation from the preceding formula reconstruct the usual Yang-Mills Lagrangian.
A similar remark is in order in this context, namely the expression T
12
from theorem 3.1 and
the second nite normalisation from the preceding formula reconstruct the usual kinematic part




It is remarkable that for the heavy Bosons of spin-one model presented above one can control
the infrared divergence. In fact from the analysis of the massless model in [14] it followed







which exhibit the usual logarithmic divergence for p
2




(x; y) and T
h
2















ones containing Lorentz indices (because of the presence of derivatives in the corresponding
causal distributions from D
2
).
It is not very hard to nd out that these distributions have a much more convenient be-

































where d is a smooth function for p
2
6= 0. It is clear now that if in the expression of T
2
there do
not show up distributions of the type D
F
000
there will be no infrared divergences. Indeed, if




; : : :m
c
is non-null, then the -factor
from the preceding formula makes the distribution zero for p
2
! 0.
So, to eliminate the infrared divergence and so, to be able to preform the adiabatic limit,
one has to put to zero all terms in T
2





Theorem 3.16 The expression T
2

























































































Proof: One has to identify from the expressions of T
0
2
(x; y) and T
h
2
(x; y) those terms which
do have as coecient numerical distributions of the type D
F
000
and put them to zero. One
obtains a set of 15 relation and then proves that only those from the statement are independent.

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3.5 The Standard Model
It was clear from the preceding sections that in order to specify a certain concrete model of
heavy spin-one Bosons it is not sucient to specify the gauge group G from theorem 3.1 but also
to x a basis in the Lie algebra Lie(G). This is a consequence of the fact that the assignment




, etc. is connected with a specic basis and if we choose another basis we
will obtain elds which do not create particles of xed mass.
For the case of the standard model it means that we have to specify the group, which in
this case is SU(2) U(1) and the basis through the Weinberg angle. Explicitly, let us take in
the Lie algebra of SU(2)  U(1) the standard basis X
a














] = 0; a = 1; 2; 3: (3.5.1)
We consider another basis Y
a


















By denition, the angle , determined by the condition cos  > 0 is called the Weinberg




= sin ; f
321





and the rest of the constants are determined by antisymmetry. By denition, the standard





6= 0; a = 1; 2; 3: (3.5.4)
We say that the particles created by A

0




1; 2; 3 are heavy Bosons (more precisely, for a = 1; 2 we have the W-Bosons and for a = 3 the
Z-Boson).
We will derive bellow, directly from our general analysis, that the standard model is com-
patible with all restrictions outlined in the previous analysis and we will see that the only free







Theorem 3.17 In the standard model, the following relations are true:








(b) the constants f
0
abc
































and the rest are zero.
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(c) the constants f
"
abc




= 0; for a; b; c = 1; 2; 3; f
"
00a














; a = 1; 2; 3: (3.5.7)

















= 0; a = 0; 1; 2; 3: (3.5.9)
(ii) We investigate now the consistency condition (3.3.2). It is convenient to use it in the
detailed form (3.3.30) - (3.3.33). We mention briey the result of elementary computations.
From (3.3.30) we obtain equivalently that
g
0ab























































as given in the statement.
(iii) Now we consider the relation (3.3.4) and (3.3.5) . It is not very hard to prove that if
we also take into account (3.2.12) we obtain only the relations (c) from the statement.
(iv) The relation (3.3.7) gives
h
ab

















We have obtained all the relations from the statement. 




(and the corresponding nite normalisations) can be put to zero. However, now
we can do all the computations completely rigorously after we have the convenient splitting of
the distributions involved in the analysis.
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4 Conclusions
We have analysed in full generality the possibilities of coupling non-trivially heavy Bosons of
spin one up to order two of the perturbation theory. In particular we can reobtain rather
elementary the standard model (without leptons). In a subsequent publication we will investi-
gate, in our more general framework, the case when the leptons are included. In particular it
is expected according to the usual analysis (see also [3]) that, going to the third order of the




some restrictions on the Fermion sector, namely the cancelation of ABJ anomaly.
Another extremely interesting problem is to investigate the class of Lie groups for which
there exists a non-trivial solution to our problem. Indeed, it is not obvious that any Lie group
of the type described in the statement of theorem 3.1 admits a representation of dimension
equal to the dimension of the group, realised by antisymmetric matrices and verifying the mass
relation (3.2.11). In the absence of a general solution, one should test the existence of a non-
trivial solution of the perturbation series, at least, for a simple Lie group like SU(5) because
such groups are characteristic for grand unied theories.








perform rigorous computations for various cross sections of the standard model.
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